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1. Introduction
Let M be a real hypersurface in a Kähler manifold (M˜, J , 〈 , 〉). This real hypersurface admits an induced almost contact
metric structure (φ, ξ,η, 〈 , 〉). This quartet is given by ξ = − JN , η(u) = 〈u, ξ〉, φ(u) = Ju − η(u)N with a unit normal N
of M in M˜ . The vector ﬁeld ξ and the (1,1)-tensor φ are called the characteristic vector ﬁeld and the characteristic tensor,
respectively. Associated with this structure we have a canonical closed 2-form Fφ deﬁned by Fφ(u, v) = 〈u, φ(v)〉. We call
its constant multiple Fκ = κFφ (κ ∈ R) a Sasakian magnetic ﬁeld on M (cf. [1]). A trajectory γ for this magnetic ﬁeld, which
is a motion of an electric charged particle of unit speed and of unit mass, is a smooth curve parameterized by its arclength
which satisﬁes ∇γ˙ γ˙ = κφγ˙ . Since trajectories are closely related with the almost contact metric structure, their properties
and properties of the almost contact metric structure are likely interacted with each other.
In the preceding paper [3], we studied a condition for trajectories to be circles of positive geodesic curvature (see
Section 3 for deﬁnition) on homogeneous real hypersurfaces which are called of type (A) in nonﬂat complex space forms,
and characterized them by the amount of such trajectories. In this paper, we study trajectories for Sasakian magnetic ﬁelds
on homogeneous real hypersurfaces of type (B) in a complex hyperbolic space, which are tubes around totally geodesic real
hyperbolic spaces, from such a curve-theoretic point of view. We consider a family of curves of order 2. Roughly speaking,
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are also curves of order 2. Our main result is the following.
Theorem. Let M be a tube of radius r around a totally geodesic real hyperbolic space RHn(−c/4) in a complex hyperbolic space
CHn(−c) of constant holomorphic sectional curvature −c. If the strength of a Sasakian magnetic ﬁeld Fκ on M satisﬁes 0 < |κ | 
(
√
c/2) tanh(
√
cr/2), then there are no Fκ -trajectories which are curves of order 2 and are not geodesics.
2. Real hypersurfaces in complex hyperbolic spaces
We shall start by explaining homogeneous Hopf hypersurfaces in a complex hyperbolic space. For a real hypersurface M
in a Kähler manifold we denote by A its shape operator. Eigenvalues and eigenvectors for A are called principal curvatures
and principal curvature vectors, respectively. The covariant differentials of the characteristic vector and the characteristic
tensor are given as
∇Xξ = φAX and (∇Xφ)Y = 〈Y , ξ〉AX − 〈AX, Y 〉ξ,
for vector ﬁelds X, Y on M (see [5], for example).
A real hypersurface M is said to be a Hopf hypersurface if its characteristic vector ξ is a principal curvature vector. In a
complex hyperbolic space CHn(−c) of constant holomorphic sectional curvature −c (< 0), a Hopf hypersurface all of whose
principal curvatures are constant is locally congruent to one of the following (see [4]):
(A) a horosphere or a tube of radius r around totally geodesic CH(−c) (0  n− 1),
(B) a tube of radius r around a totally real totally geodesic RHn(−c/4).
These real hypersurfaces are said to be of type (A) and of type (B), respectively. For a real hypersurface of type (A), its shape
operator A and its characteristic tensor ﬁeld φ are simultaneously diagonalizable (i.e. φA = Aφ). For a real hypersurface M
of type (B), the subbundle T 0M = {v ∈ TM | 〈v, ξ〉 = 0} of its tangent bundle TM splits into two subbundles of principal
curvature vectors which are orthogonal to ξ as T 0M = Vλ ⊕ Vμ . Here, Vλ and Vμ correspond to the principal curvature
λ = (√c/2) coth(√cr/2) and μ = (√c/2) tanh(√cr/2), respectively. The principal curvature of ξ is ν = √c tanh√cr. Hence
we have TM = Vλ ⊕ Vμ ⊕ Rξ . It is known that those subbundles Vλ, Vμ satisfy φ(Vλ) = Vμ and φ(Vμ) = Vλ .
3. Curves of order 2
A smooth curve γ on a complete Riemannian manifold which is parameterized by its arclength is called a curve of order 2
if it satisﬁes the equation
‖∇γ˙ γ˙ ‖2
{∇γ˙ ∇γ˙ γ˙ + ‖∇γ˙ γ˙ ‖2γ˙ }= 〈∇γ˙ γ˙ ,∇γ˙ ∇γ˙ γ˙ 〉∇γ˙ γ˙ . (3.1)
Under the assumption that ∇γ˙ γ˙ does not vanish at each point, by putting k(t) = ‖∇γ˙ γ˙ ‖ and Y = ∇γ˙ γ˙ /‖∇γ˙ γ˙ ‖, we ﬁnd
Eq. (3.1) is equivalent to the system of equations
∇γ˙ γ˙ (t) = k(t)Y (t) and ∇γ˙ Y (t) = −k(t)γ˙ (t)
(see [2]). When k(t) is a positive constant function, we call γ a circle of positive geodesic curvature. One can easily see that
geodesics also satisfy Eq. (3.1). Hence, the notion of curves of order 2 is a generalization of the notion of circles.
4. Structure torsion of trajectories
For a trajectory γ for a Sasakian magnetic ﬁeld Fκ on a real hypersurface M , we set ργ = 〈γ˙ , ξ〉 and call it the structure
torsion of γ . As we have ‖∇γ˙ γ˙ ‖ = |κ |
√
1− ρ2γ , we can guess that this function plays an important role in our study
of trajectories. When M is a Hopf hypersurface, we have ∇ξ ξ = φAξ = νφξ = 0, hence we see the integral curve of the
characteristic vector ﬁeld ξ is a geodesic. Thus if a trajectory γ on a Hopf hypersurface has a point that ργ (t0) = ±1, as we
have κφγ˙ (t0) = ±κφξ = 0, it is a geodesic. We therefore need to consider the case |ργ | < 1.
For the differential of this function of structure torsion, we have
ρ ′γ = 〈κφγ˙ , ξ〉 + 〈γ˙ ,∇γ˙ ξ〉 = 〈γ˙ , φAγ˙ 〉
(
= 1
2
〈
γ˙ , (φA − Aφ)γ˙ 〉).
When M is a hypersurface of type (A), as it is characterized by the property that its shape operator and its characteristic
tensor are simultaneously diagonalizable, we ﬁnd that the structure torsion of each trajectory is constant on this hyper-
surface. Thus we also ﬁnd that if M is not a real hypersurface of type (A), not all of trajectories have constant structure
torsion.
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In order to show our theorem, the following result on behaviors of decompositions of velocity vectors of trajectories is
essential.
Proposition 1. Let γ be a trajectory for Fκ on a real hypersurface M of type (B) in CHn(−c). Suppose γ is also a curve of order 2 and
|ργ | < 1. If we decompose its velocity vector as γ˙ = Xγ + Yγ + ργ ξ ∈ Vλ ⊕ Vμ ⊕ Rξ , we have⎧⎪⎪⎨⎪⎪⎩
ργ
(
1− ρ2γ
)
(κργ − λ)Xγ = ργ (λ − μ)〈φXγ , Yγ 〉φYγ ,
ργ
(
1− ρ2γ
)
(κργ − μ)Yγ = ργ (λ − μ)〈φXγ , Yγ 〉φXγ ,
κργ
(
1− ρ2γ
)= λ‖Xγ ‖2 + μ‖Yγ ‖2, (5.1)
and
‖Xγ ‖2 =
(1− ρ2γ )(κργ − μ)
λ − μ , ‖Yγ ‖
2 = (1− ρ
2
γ )(λ − κργ )
λ − μ . (5.2)
Here, λ = (√c/2) coth(√cr/2) and μ = (√c/2) tanh(√cr/2) are principal curvatures of M.
Proof. By direct computation we obtain
∇γ˙ ∇γ˙ γ˙ = κ∇γ˙ (φγ˙ ) = κ
{
(∇γ˙ φ)γ˙ + φ∇γ˙ γ˙
}= κ{ργ Aγ˙ − 〈Aγ˙ , γ˙ 〉ξ + κφ2γ˙ }.
By use of the decomposition γ˙ as γ˙ = Xγ + Yγ + ργ ξ ∈ Vλ ⊕ Vμ ⊕ Rξ , we ﬁnd
∇γ˙ γ˙ = κ(φYγ + φXγ ),
∇γ˙ ∇γ˙ γ˙ = κ
{
(ργ λ − κ)Xγ + (ργ μ − κ)Yγ −
(
λ‖Xγ ‖2 + μ‖Yγ ‖2
)
ξ
}
.
Since φ(Xγ ) ∈ Vμ , φ(Yγ ) ∈ Vλ , by substituting these into Eq. (3.1), we obtain
κ3
(
1− ρ2γ
){
ργ (λ − κργ )Xγ + ργ (μ − κργ )Yγ +
(
κργ
(
1− ρ2γ
)− λ‖Xγ ‖2 − μ‖Yγ ‖2)ξ}
= κ3ργ (μ − λ)〈φXγ , Yγ 〉(φYγ + φXγ ).
Thus we ﬁnd that a trajectory γ is a curve of order 2 if and only if the equalities (5.1) hold.
Next we consider norms of Xγ and Yγ . If we suppose ργ (t0) = 0, the third equation and the deﬁnition of ργ show that
λ
∥∥Xγ (t0)∥∥2 + μ∥∥Yγ (t0)∥∥2 = 0 and ∥∥Xγ (t0)∥∥2 + ∥∥Yγ (t0)∥∥2 = 1.
Since λ > μ > 0, this is a contradiction. Thus we see ργ never vanishes. The ﬁrst and the second equalities show that Yγ
is parallel to φXγ . Hence we see 〈φXγ , Yγ 〉2 = ‖Xγ ‖2‖Yγ ‖2. If Xγ (t0) = 0 at some t0, by the second equality we have
κργ (t0) = μ and ‖Yγ (t0)‖2 = 1−ρ2γ . Similarly, if Yγ (t0) = 0, then κργ (t0) = λ and ‖Xγ (t0)‖2 = 1−ρ2γ . If both Xγ and Yγ
do not vanish, by taking inner products of both sides of the ﬁrst equality with Xγ and with φYγ , we obtain
‖Xγ ‖2 =
(1− ρ2γ )(κργ − μ)
λ − μ , ‖Yγ ‖
2 = (1− ρ
2
γ )(λ − κργ )
λ − μ .
We can see that this expression includes the cases ‖Xγ ‖ vanishes and ‖Yγ ‖ vanishes. 
Our theorem is a direct consequence of this proposition. The equalities (5.2) show that the structure torsion ργ of
a trajectory which is also a curve of order 2 satisﬁes λ  κργ  μ (> 0). Here, as was mentioned before, if we have
ργ (t0) = ±1 at some point t0, then we have ργ ≡ ±1 and γ is a geodesic. We hence have |ργ | < 1, which shows κ > μ.
Therefore we get our theorem.
For the sake of comparison, we here recall a corresponding result on trajectories on a tube of radius r around totally
geodesic CH(−c) (1    n − 2) in CHn(−c), which is a real hypersurface of type (A) having 3 principal curvatures
λ = (√c/2) coth(√cr/2), μ = (√c/2) tanh(√cr/2) and ν = √c coth(√cr). For a trajectory γ for a Sasakian magnetic ﬁeld
we denote as γ˙ = Xγ + Yγ + ργ ξ ∈ Vλ ⊕ Vμ ⊕ Rξ . On this real hypersurface, as ργ is constant along γ , a trajectory γ is a
curve of order 2 if and only if it is a circle.
Fact. (See [3].) Let Fκ be a non-trivial Sasakian magnetic ﬁeld on a tube of radius r around CH(−c) (1    n − 2) in
CHn(−c).
(1) When 0 < |κ | (√c/2) tanh(√cr/2), there are no circular Fκ -trajectories.
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√
c/2) tanh(
√
cr/2) < |κ | (√c/2) coth(√cr/2), an Fκ -trajectory γ is circular if and only if it satisﬁes the con-
dition ργ = (√c/(2κ)) tanh(√cr/2) and Xγ = 0.
(3) When |κ | > (√c/2) coth(√cr/2), an Fκ -trajectory γ is circular if and only if it satisﬁes one of the following:
(i) ργ = (√c/2κ) tanh(√cr/2) and Xγ = 0,
(ii) ργ = (√c/2κ) coth(√cr/2) and Yγ = 0.
In order to study trajectories for Sasakian magnetic ﬁelds, their structure torsions play an important role. We here study
more about structure torsions of trajectories which are also curves of order 2. By direct computation we have
ρ ′γ = κ〈φγ˙ , ξ〉 + 〈γ˙ , φAγ˙ 〉 = (λ − μ)〈φXγ , Yγ 〉.
As ργ = 0, we ﬁnd that the function of structure torsion satisﬁes the following:(
ρ ′γ
)2 = (λ − μ)2‖Xγ ‖2‖Yγ ‖2 = (1− ρ2γ )2(λ − κργ )(κργ − μ). (5.3)
If γ is a trajectory for Fκ then the curve σ(t) = γ (−t) is a trajectory for a Sasakian magnetic ﬁeld F−κ . We may suppose
κ > 0. We now solve the differential equation (5.3). Clearly, when κ > μ, we see ργ ≡ μ/κ is a solution of this equation.
In this case, by Proposition 1, we see Xγ ≡ 0 and ‖Yγ ‖2 ≡ 1 − ρ2γ . When κ > λ, we also have that ργ ≡ λ/κ is a solution
of this equation. In this case we see ‖Xγ ‖2 ≡ 1− ρ2γ and Yγ ≡ 0. If it occurs ργ (t) = μ/κ on some interval or ργ (t) = λ/κ
on some interval, as γ is not bifurcated, we see each of them holds on the real line.
We consider the other case. Solving the differential equation (5.3), we obtain the following:
t + C = − sgn(ρ ′γ (t)){ 1√
(κ + μ)(κ + λ) tan
−1
√
(κ + μ)(λ − κργ )
(κ + λ)(κργ − μ) + fκ (ργ )
}
, (5.4)
where the constant C is determined by initial condition, the function fκ is given as
fκ (ργ ) =
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
1
2
√
(κ−μ)(λ−κ) log |
√
(κ−μ)(λ−κργ )+
√
(λ−κ)(κργ −μ)√
(κ−μ)(λ−κργ )−
√
(λ−κ)(κργ −μ) |, when μ < κ < λ,√
κργ −μ
(λ−μ)√λ−κργ , when κ = λ,
−1√
(κ−μ)(κ−λ) tan
−1
√
(κ−μ)(λ−κργ )
(κ−λ)(κργ −μ) , when κ > λ,
and sgn(ρ ′γ (t)) denotes the signature of ρ ′γ (t), which means that we need to treat separately on the interval that ρ ′γ is
positive and on the interval that ρ ′γ is negative.
We ﬁrst study the case μ < κ  λ. Suppose μ/κ < ργ (t∗) < 1 ( λ/κ) at some t∗ . By (5.3) we have an interval (t−, t+)
with t− < t∗ < t+ satisfying that ρ ′γ (t) = 0 on this interval and limt↓t− ρ ′γ (t) = 0 = limt↑t+ ρ ′γ (t). When ρ ′γ (t∗) > 0, as
ργ < 1, we ﬁnd t∗ = ∞ and limt→∞ ργ (t) = 1. Also ﬁnd limt↓t− ργ (t) = μ/κ , which shows t− > −∞ by the equality (5.4).
Thus there is t (< t−) such that ρ ′γ (t) < 0 on the interval (t, t−) and limt↓t ρ ′γ (t) = 0. Again as ργ < 1, we ﬁnd t = −∞
and limt→−∞ ργ (t) = 1. When ρ ′γ (t∗) < 0, by the same argument we have ρ ′γ (t) < 0 on the interval (−∞, t+) and ρ ′γ (t) > 0
on the interval (t+,∞), and have limt→−∞ ργ (t) = limt→∞ ργ (t) = 1, ργ (t+) = μ/κ .
Along the same lines as above, when κ > λ, we have a sequence {t j}−∞< j<∞ such that ρ ′γ (t) < 0 on the interval
(t2 j−1, t2 j) and ρ ′γ (t) > 0 on the interval (t2 j, t2 j+1), and ργ (t2 j) = μ/κ , ργ (t2 j+1) = λ/κ . Summarizing up we have the
following.
Proposition 2. Suppose there is an Fκ -trajectory γ which is also a curve of order 2 on a real hypersurface of type (B) in a complex
hyperbolic space. Then its structure torsion ργ satisﬁes the following.
When μ < κ  λ,
(1) ργ ≡ μ/κ or
(2) limt→−∞ ργ (t) = limt→∞ ργ (t) = 1 and there is t0 satisfying that ργ is monotone decreasing on the interval (−∞, t0) and
monotone increasing on the interval (t0,∞), and ργ (t0) = μ/κ .
When −μ > κ −λ,
(1) ργ ≡ μ/κ or
(2) limt→−∞ ργ (t) = limt→∞ ργ (t) = −1 and there is t0 satisfying that ργ is monotone increasing on the interval (−∞, t0) and
monotone decreasing on the interval (t0,∞), and ργ (t0) = μ/κ .
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(1) ργ ≡ μ/κ or
(2) ργ ≡ λ/κ or
(3) ργ is a periodic function satisfying μ κργ  λ.
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